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EQUATIONS  FOR  ISENTROPIC MUD PLANE  SHOCK 

FLOWS  OF MIXTURES OF  UNDISSOCIATED 

PLANETARY  GASES 

By Victor  L.  Peterson 

Ames Research  Center 
Moffet t   Field,  Cal i f .  

SUMMARY 

Equat ions   for   aerodynamic   quant i t ies   o f   in te res t   in   equi l ibr ium  i sen-  
t ropic   one-dimensional   f lows  and  for   propert ies   across   plane  shock waves i n  
a rb i t r a ry   mix tu res  of  planetary  gases  are  derived  under  the  assumption  that 
the  gases  obey  the  perfect   gas l a w .  This assumption  res t r ic ts   the   range of 
a p p l i c a b i l i t y  of the   equat ions   to   condi t ions   for  which the  onset  of  chemical 
d i s soc ia t ion  or ionization  has  not  been  reached  although no requirement   for  
the   gases   to  be c a l o r i c a l l y   p e r f e c t  i s  imposed. Analy t ic   func t ions   used   to  
spec i fy  the va r i a t ion   o f   spec i f i c   hea t s  with temperature are cons i s t en t  with 
the  assumption that  molecular   vibrat ions behave l i k e  harmonic o s c i l l a t o r s  and 
are  independent of rotational  degrees  of  freedom.  Simplified  equations  giv- 
ing  approximate results over more l imi ted   ranges  of the   var iab les   a re   a l so  
presented.  

Sample comparisons of  the  aerodynamic  behavior  of a number of pure  gases 
a re  made. It i s  shown that  while some of the   f low  quant i t ies   charac te r iz ing  
aerodynamic  flows  are  very  sensitive  to  gas  composition, the s tagnat ion   pres -  
s u r e   c o e f f i c i e n t s   f o r  a number of   gases   differ   by only  a few percent  from one 
gas   to   another .  

INTRODUCTION 

Cons iderable   a t ten t ion  i s  now being  directed  toward  the  study  of  missions 
i n v o l v i n g   f l i g h t   i n  the atmospheres  of  planets  other  than  earth.  The chemical 
compositions  of the gases  comprising these atmospheres are not  known with  any 
degree  of  precision a t  the   p resent  time. However, the  presence or absence  of 
ce r t a in   cons t i t uen t s   has   been   t en t a t ive ly   e s t ab l i shed   fo r  the near   p lane ts ,  
and i n  some cases,  abundances  have  been  estimated.  For  example,  evidence 
exists showing  carbon  dioxide  to  be  present i n  the atmospheres  of Mars and 
Venus in   cons ide rab ly   l a rge r  amounts than  found  in   the  ear th 's   a tmosphere 
while methane  and ammonia have  been  observed i n   t h e  atmosphere of J u p i t e r .  
Various  other   gases   such as nitrogen,  argon, helium, and  hydrogen  have  been 
considered as possible   major   const i tuents  of planetary  atmospheres.  (See 



reference 1 f o r  a survey of information on planetary  a tmospheres . )  Thus, a 
number Of gas mixtures cons ide rab ly   d i f f e ren t  from a i r  are being  associated 
with  other  planet  atmospheres.  

I n   o r d e r   t o  conduct   analyt ical   and  experimental   s tudies   involving  these 
proposed  planetary  gas  mixtures it i s  necessary  to   understand  the  basic   f lows 
of  these  gases.  Furthermore, i f  wind tunnels   o r ig ina l ly   des igned   for   opera-  
t i o n   w i t h   a i r  are conver ted   to   opera te   wi th   var ious   p lane tary   gas   mix tures ,  
methods w i l l  be  needed f o r   r e l a t i n g  aerodynamic  performance i n   a r b i t r a r y   g a s  
m i x t u r e s   t o   t h a t   i n   a i r .  Many of  the  proposed  planetary  gas  mixtures  are 
un l ike   a i r   i n   t ha t   t hey   canno t  be t rea ted   as   per fec t   gases   even  a t  low  temper- 
a tures .   Therefore ,   ind iv idua l   t ab les  of  flow  information,  such  as  those  pre- 
s en ted   i n   r e f e rence  2,  have  been  computed f o r  gas   mixtures   of   interest .  It i s  
c e r t a i n l y   n o t   p r a c t i c a l   t o   p r e p a r e   t a b l e s  of  aerodynamic  parameters  for  each 
and every  proposed  atmospheric  gas model so t h a t   t h e  need f o r   a n a l y t i c  methods 
i s  c l ea r ly   ev iden t .  

The present   s tudy  i s  concerned  with  the  development  of  equations  for 
aerodynamic q u a n t i t i e s  of in te res t   in   equi l ibr ium  one-d imens iona l   i sen t ropic  
f lows  and  adiabat ic   plane-shock  f lows  for   the  ranges  of   condi t ions  in  which 
the  gases  considered  obey  the  gas  law p = pRT. The r e s u l t s   a r e ,   t h e r e f o r e ,  
general ly   appl icable  so  long as the  highest   temperature   in   the  f low  does  not  
exceed  about 2500' K .  Th i s   r e s t r i c t s   t he   f l ow  speed   t o   t he   o rde r  of 2 t o  4 
km/sec o r  below f o r  most  gas  mixtures. The equat ions   a re   der ived   for   a rb i -  
t rary  mixtures   of  monatomic gases  such as helium  and  argon, l i n e a r  molecule 
polyatomic  gases  such as nitrogen  and  carbon  dioxide,  and  nonlinear  molecule 
polya tomic   gases   no t   subjec t   to   in te rna l   ro ta t ion   such  as methane, ammonia, 
and water  vapor. All of the  polyatomic  gases  are  admitted  to be c a l o r i c a l l y  
imperfect   wi th   specif ic   heats   that   vary  with  temperature .   Within  the  f rame- 
work of  the  assumptions results are   obtained which are   exact   over   the  per-  
missible  ranges  of  variables.   Simplified  approximate results appl icable   over  
more l imi ted   ranges   o f   the   var iab les  are a l so   p resented .  The p r e s e n t   r e s u l t s  
t h a t   a p p l y   t o   r e a l   u n d i s s o c i a t e d  a i r  may be compared t o   t h o s e   i n   r e f e r e n c e  3. 
Unlike  that   s tudy,  however, s p e c i f i c   h e a t s   a r e   n o t   r e s t r i c t e d   t o   v a r y   i n   t h e  
f i r s t  order   on ly   f rom  the i r   idea l   gas   va lues .  

- 

SYMBOLS 

a sound  speed 

A a r ea  of f low  c ross   sec t ion  

cP 

CV 

s p e c i f i c   h e a t   p e r  mole a t  constant   pressure 

s p e c i f i c   h e a t   p e r  mole a t  constant  volume 

p res su re   coe f f i c i en t   eva lua ted  a t  s tagnat ion  condi t ions,  
Pt, - p, 

'ps t a g  91 
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Naperian  logarithm  base e 

E 

H 

m 

M 

N 

X 

P 

Y 

6 

l 

e 

P 

energy  per mole 

f r ac t iona l   d i f f e rences  between I- P1/PtJ T T,/Ttj -I- P,/Pt and 
- - 
I- P1/Ptj -I- T,/TtJ T P,/Pt’ r e spec t ive ly  

- 

enthalpy  per  mole 

molecular  weight 

Mach number 

number of  degrees  of  vibrational  freedom 

pre s sure  

Ciynamic pressure , - 
gas  constant , - R 

m 

universal   gas   constant   per  mole 

PV2 
2 

number of  atoms i n  molecule 

absolute  temperature 

func t ion  of  temperature  defined  by  equation (8) 

function  of  temperature  defined by equat ion (8) 

speed 

function  of  temperature  defined  by  equation (15) 

mole f r a c t i o n  

shock-wave angle  measured  from downstream f low  d i rec t ion  

r a t i o  of s p e c i f i c   h e a t s ,  - 
CV 

angle  of  f low  deflection  across  an  oblique  shock wave 

funct ion  def ined  by  equat ion (22) 

cP 

molecular   vibrat ional   energy  constant  

mass dens i ty  
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n 

t 

a i r  

r a t i o  of ( ) for real  gas t o  ( ) for idea l  gas 

p a r t i a l   d e r i v a t i v e  a t  constant  volume 

asymptot ic   value  of   quant i ty  

Subscr ip ts  

idea l -gas   quant i ty  

i n d i c e s   r e f e r r i n g   t o  monatomic gases,   polyatomic  l inear  molecule 
gases,  and  polyatomic  nonlinear  molecule  gases  not  subject  to 
i n t e r n a l   r o t a t i o n ,   r e s p e c t i v e l y  

index  denoting  degree  of  vibrational  freedom 

t o t a l   c o n d i t i o n s   f o r   g a s   b r o u g h t   i s e n t r o p i c a l l y   t o   r e s t  (wind- 
tunne l   r e se rvo i r   cond i t ions )  

a i r   q u a n t i t y  

t r ans l a t iona l ,   r o t a t iona l ,   v ib ra t iona l ,   and   e l ec t ron ic   ene rgy  
vib,  e l  modes, r e spec t ive ly  

* 

1 

quant i ty   eva lua ted   a t   sonic   condi t ions  

conditions  upstream of  shock wave 

2 condi t ions downstream of shock wave 

ANALYSIS 

The ana lys i s  i s  d iv ided   in to   four   sec t ions :   equa t ions   govern ing   the  
thermodynamics  of the  gas  mixtures are  developed i n   t h e  f i r s t ,  the  second 
treats the   one-d imens iona l   i sen t ropic   f low  s i tua t ion ,   the   th i rd  i s  devo ted   t o  
plane  shock  f lows,  and  the  last   presents  simplified  approximate  forms of the  
equat ions .  The equat ions  presented  only  apply  to   mixtures  of thermally 
per fec t   undissoc ia ted   gases .  

Thermodynamic P rope r t i e s  

The thermodynamic proper t ies   o f  a mixture of  gases  can  be  calculated 
from  the thermodynamic proper t ies   o f   the   ind iv idua l  components o r   s p e c i e s .  
Thus, a t t e n t i o n  i s  f i r s t  directed  toward a genera l   def in i t ion   o f   the  
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necessary   p roper t ies  of an   a rb i t ra ry   pure   gas .  The ideas  are then   spec ia l i zed  
to   gases   hav ing   spec i f i c  types of   molecular   s t ruc ture .   F ina l ly ,   equa t ions  for 
arb i t ra ry   mix tures  of these  gases  are developed  and a s ingle   equivalent   gas  i s  
defined  which  has  the  exact thermodynamic propert ies   of   the   actual   gas   mixture  
being cons ide  re d. 

General   considerat ions.  - The to ta l   energy   possessed   by  a gas  molecule  can 
be wr i t t en   gene ra l ly  as 

E = Etrans  + E i n t  

where Etrans denotes   the   energy   of   t rans la t ion  of the  molecule  and  Eint 
denotes   the  energy  associated with t h e   i n t e r n a l   s t r u c t u r e  of the  molecule. 
The internal   energy  Eint   can  ar ise   f rom  three  sources:  

1. E r o t  r o t a t i o n  of the  molecule  about i t s  mass center  

2 .  Evib  vibrat ion  of   the atoms i n   t h e  molecule   re la t ive   to  
each  other  

3 .  E e l  e x c i t a t i o n  of the electrons  within  the  molecule  

This s tudy i s  r e s t r i c t e d   t o   g a s e s  f o r  which  these  three phenomena can  be 
assumed, wi th  good approximation, t o  be independent.  Therefore, 

The t rans la t iona l   degrees   o f   f reedom  a re   fu l ly   exc i ted   a t  all tempera- 
t u r e s  and  quantum mechanical  considerations show the   ro t a t iona l   deg rees  of 
freedom t o  be f u l l y   e x c i t e d   a t   t e m p e r a t u r e s  above a few degrees  Kelvin.  Thus, 
va lues   for   E t rans  and Erot   are   readi ly   obtained  by  using  the l a w  of  equi- 
par t i t ion   o f   energy   which   s ta tes   tha t   each   fu l ly   exc i ted   c lass ica l   degree   o f  
freedom i n  a molecule  contributes (1/2) RT t o   t h e   s p e c i f i c   e n e r g y .  The energy 
associated  with  each  degree  of   vibrat ional   f reedom  in  a molecule i s  determined 
from  quantum  mechanical  theory  by  considering  the  vibrations t o  behave l i k e  
harmonic o s c i l l a t o r s .  The ene rgy   i n  one degree  of  vibrational  freedom i s  

given  by [RT(B/T) - 1) where 8 i s   t he   cha rac t e r i s t i c   t empera tu re   o f  
v i b r a t i o n .  For a gas  with N degrees  of  vibrational  freedom 

Note tha t   each   fu l ly   exc i t ed   deg ree  of vibrat ional   f reedom ( T  >> en) behaves 
as two c lass ica l   degrees  of  freedom  by  contributing RT t o   t h e   s p e c i f i c  
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energy. The ene rgy   a s soc ia t ed   w i th   e l ec t ron ic   exc i t a t ion  i s  neg lec t ed   i n  
t h i s   s t u d y .  A t  temperatures below those   for   molecular   d i ssoc ia t ion   the  
e l ec t ron ic   ene rgy  i s  s m a l l  compared t o   t h e   t o t a l   e n e r g y .  

The s p e c i f i c   h e a t   a t   c o n s t a n t  volume i s  def ined as 

so t h a t  

It is apparent  from  the above equat ion  that   each  degree  of   t ranslat ional   and 
rotat ional   f reedom  contr ibutes  1/2 t o   t h e   t o t a l  cv/R, independent of temper- 
ature,  while  the  vibrational  degrees  of  freedom  each  contribute  between 0 and 
1 t o   t h e   t o t a l  cv/R, depending upon the  temperature.  Thus, cv/R can  be 
w r i t t e n   i n   t e r m s  of  a part  independent  of  temperature  (c,/R)i and a p a r t  due 
t o   v i b r a t i o n s  ( cv/R)vib which i s  dependent  on  temperature so t h a t  

cv R = (%,)i + (;)vib 

The r e l a t i o n  between s p e c i f i c   h e a t s ,  cp - cv = R,  i s  used t o   o b t a i n  

- cp R = 1 + (g)i + ($)vib 

An ideal-gas   value  of   the  ra t io   of   specif ic   heats  i s  def ined as 

so t h a t ,   f i n a l l y ,  
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The enthalpy i s  def ined as 

H RIT (2) dT 

Th i s   de f in i t i on   imp l i e s   t ha t   t he   en tha lpy  i s  zero when the  gas i s  i n  molec- 
u l a r  form a t  a temperature  of  absolute  zero. 

All of  the  thermodynamic  properties  needed i n   t h e   a n a l y s i s   t o   f o l l o w  
have  been w r i t t e n   i n  terms  of ( cv/R)i and  (cv/R),ib.  Equations  for  each of 
t hese   quan t i t i e s  w i l l  now be  developed f o r   e a c h  of three  types  of   gases .  

Monatomic gases . -  These  gases  have no molecular   s t ructure   s ince  they  are  
comprised  of single  atoms. Thus, they  have no e n e r g y   i n   e i t h e r   r o t a t i o n a l   o r  
vibrational  degrees  of  freedom.  Their  entire  energy i s  i n c l u d e d   i n   t h e   t h r e e  
degrees   of   t ranslat ional   f reedom so t h a t  

> 

O v i b  = O 

y i - 1 + "  - 1 
3 / 2  - 5 J  
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Polyatomic  gases  comprised of l i nea r   mo lecu le s . -  The atoms  comprising  the 
molecules   o f   these   gases   a re   a r rangxin  a s t r a i g h t   l i n e .  Each  molecule 
possesses three degrees of t r a n s l a t i o n a l  freedom, two degrees   of   rotat ional  
freedom and one o r  more degrees  of  vibrational  freedom  depending upon the  num- 
ber  of atoms in   the   molecule .  These f a c t s   l e a d   t o   t h e   f o l l o w i n g  results. 

. " "" __"_ -~ 

1 7 

y i - l + - "  - i 

512 5 I 
Polyatomic  gases  comprised  of  nonlinear  molecules  not  subject  to 

i n t e r n a l   r o t a t i o n . -  The molecules  of  these  gases  differ  from  the  molecules  of 
t he   l i nea r   mo lecu le   gases   i n   t ha t  all atoms are   no t   a r ranged   in  a s t r a i g h t  
l i n e .  Under these  circumstances,   energy  can be s t o r e d   i n   t h r e e ,   r a t h e r   t h a n  
two, degrees  of  rotational  freedom.  Furthermore,  the number of v i b r a t i o n a l  
degrees of freedom i s  given by n = 3s-6 i n s t e a d  of  n = 3s-5 as i n   t h e  
previous  case.  
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I 

and 

Observe t h a t  L(  c ~ / R ) , ~ ~ ] .  = 0 and t h a t  ( y  . ) = 5/3, (y i )  = 7/5, and 

(y i )  = 4/3. Subs t i tu t ing   these   va lues   in to   the   equat ions  and l e t t i n g  

( cv/R) vib = u( T )  g ives  

J 1 j  

7 

where 
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L e t  

The en tha lpy  of the  gas   mixture ,  from equat ion (2), i s  

H = R l  (2) dT = RL' [ Y i  yi - 1 + u ( T ) ]  dT 

H = G i Y ?  .> RT + R L  u(T) dT 
T 

T 
v(T) $l u( T) dT = xkvk(  T) +)I x1vZ(T) 

k 
1 

2 

where 

then 

Note tha t   t he   func t ion  v( T )  i s  nothing more than Evib/RT. 

The gas  constant R f o r  the  mixture i s  given by 

62 
m 

R = -  

and the  molecular  weight m i s  given  by 

10 



Summary " of thermodynamic re la t ions  for gas  mixtures.- 

cv R = (2)i (;)vib 
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Figure 1.- Varia t ion  of the   func t ion  u(T) 
with  temperature for several   gases .  
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Figure 2 . -  Var ia t ion  of the   func t ion  v(T) 
with  temperature for several   gases .  

The funct ions  u(  T )  and  v(T)  have 
been   eva lua ted   for  a number of  the 
gases  considered i n  the  compositions  of 
planetary  atmospheres.  The r e s u l t s   o f  
t h e s e   c a l c u l a t i o n s   a r e   p r e s e n t e d   i n  
f i g u r e s  1 and 2.   Values  of  the  charac- 
t e r i s t i c   t empera tu res   o f   v ib ra t ion   fo r  
a number of   gases   a re   g iven   in   t ab le  I. 
With the  exception  of air ,  the   va lues  
g iven   a re   cons is ten t   wi th   those   t abu-  
l a t e d   i n   r e f e r e n c e s  4 and 5 .  The char- 
a c t e r i s t i c   t e m p e r a t u r e   u s e d   f o r   a i r  i s  
tha t   sugges t ed   i n   r e f e rence  3.  

One-Dimensional I s en t rop ic  Flows 

The equa t ions   fo r   quan t i t i e s  of 
i n t e re s t   i n   one -d imens iona l   i s en t rop ic  
flows  of  nonreacting  gas  mixtures  are 
developed i n   t h i s   s e c t i o n .  The r e s u l t s  
of   the  preceding  sect ion showed t h a t  
an  equivalent  gas  having  the  thermo- 
dynamic proper t ies   o f  a s p e c i f i e d  mix- 
t u r e  of  gases  could be def ined.  The 
equat ions   o f   th i s   sec t ion  w i l l  be 
d e r i v e d   i n  terms of t he  thermodynamic 
func t ions   o f   th i s   equiva len t   gas .  The 
thermodynamically  equivalent  gas  has a 
r a t i o   o f   s p e c i f i c   h e a t s  y t h a t  i s  
var iable   with  temperature  a t  high tem- 
peratures  but  which  approaches a con- 
s tan t   va lue  a t  low temperatures.  Flow 
proper t ies   for   the   gas   mix tures  com- 
puted   us ing   th i s '   cons tan t  low tempera- 
t u re   va lue   o f   spec i f i c   hea t   r a t io  yi 
and the   idea l   gas   equat ions   such   as  
found i n   r e f e r e n c e  6 a r e   c a l l e d   i d e a l -  
gas  values.  It has  been  found  that  
equa t ions   fo r   t he   r a t io   o f   quan t i t i e s  
f o r   t h e   r e a l   g a s   t o   t h e  same quant i -  
t i e s   f o r   t h e   i d e a l  gas   take  par t icu-  
larly  simple  forms. Thus, equations 
a re   p re sen ted   fo r   t hese   r a t io s .  Sim- 
p l i f i e d  forms  of some of  these  equa- 
t i o n s   t h a t   g i v e   r e s u l t s   a c c u r a t e   t o  
wi th in   spec i f ied  limits over   l imi ted  
ranges  of   the   var iables   are   der ived  in  
a l a t e r   s e c t i o n .  
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The equations  governing  the  four unknowns p, p, V, and T can  be 
w r i t t e n  as follows: 

Mass 

Entropy 

d( pVA) = 0 1 
Energy V d V + d H = O  

S t a t e  p = pRT ; H = H(T)  ; cv  cv 
R 

The enthalpy and spec i f i c   hea t   func t ions   a r e   g ive rL   exp l i c i t l y  by equat ions (8). 

A r e l a t i o n  between  flow  speed  and  temperature  can  be  obtained  directly 
by in tegra t ing   the   energy   equat ion .  The result i s  

Both  sides  of  equation (10) can  be  divided  by  the  square  of  the  sound  speed 
t o   o b t a i n   t h e   f o l l o w i n g   r e l a t i o n   f o r  Mach number 

It i s  recognized  that   by  rearranging  terms  in   equat ion (11) and  by  adding 
uni ty   to   bo th   s ides   the   fo l lowing   resu l t   can  be obtained 



where use has  been made of t h e   f a c t   t h a t  

($)i = (1 + 2 M12 j1 Y i  - 1  

This   funct ion and a l l  o ther   idea l -gas   func t ions  employed i n   t h i s   a n a l y s i s   a r e  
g iven   in   re fe rence  6. Equat ion   (12)   g ives   the   cor rec t ion   to  be a p p l i e d   t o  
the   i dea l -gas   r e su l t s   t o   accoun t   fo r   t he   r ea l -gas   ca lo r i c   imper fec t ion .   Th i s  
co r rec t ion  i s  w r i t t e n   i n  terms of T1/Tt and e i t h e r  T 1  o r  T t  but  it can  be 
r e l a t e d   t o   f l o w  Mach number or   speed   in   the   fo l lowing  manner. I n  a f l i g h t  
app l i ca t ion   t he   s t a t i c   t empera tu re  T1 would  be known and i n  a wind-tunnel 
app l i ca t ion   t he   t o t a l   t empera tu re  T t  would be known SO that   the   independent  
va r i ab le   i n   equa t ion   (12 )  i s  t h e   r a t i o  T1/Tt. By use  of  the  definit ion  of 

-%/Tt’ 
the   fo l lowing   equat ions   for  Mach number and  speed  can  be  obtained 

The r ight-hand  s ides   of   equat ions (1.3) and (14)  are funct ions  only of Tl/Tt 
once e i t h e r  T, o r  T t  i s  s p e c i f i e d .  Now that  f low  speed and Mach number 
have  been re la ted   to   t empera ture  it i s   su f f i c i en t   t o   de t e rmine   each   o f   t he  
remain ing   i sen t ropic   f low  quant i t ies   in   t e rms   of   the   s ta t ic - to- to ta l   t empera-  
t u r e   r a t i o  T,/Tt and e i t h e r   s t a t i c  or t o t a l   t empera tu re .  

An e q u a t i o n   f o r   t h e   r e a l - g a s   c o r r e c t i o n   t o   s t a t i c - t o - t o t a l   d e n s i t y   r a t i o  
i s  obtained by in tegra t ing   the   en t ropy   equat ion .  The r e s u l t  i s  

L 

” - 

P t  - L  

Now, recogniz ing   tha t  



I 

and  defining 

T P J P t  
P J P t  = ( PJP t  1 

allows t h e   r e a l - g a s   c o r r e c t i o n   t o   t h e   d e n s i t y   r a t i o   t o  be w r i t t e n  

The i n t e g r a l   i n   t h e   e q u a t i o n  above  can  be eva lua ted   ana ly t i ca l ly .  The r e s u l t  
i s  

where 

k 2 

The func t ions  wk(T) and w z ( T )  need  be  evaluated  only  once  for  each  pure  gas 
a f t e r  which the   func t ion  w(T) f o r  any  possible  mixture  of  the  pure  gases can 
be  formed.  For  convenience,  the w(T)  funct ion  has   been  evaluated  for  a 



number of pure  gases  and  the results 
a r e   p r e s e n t e d   i n   f i g u r e  3 .  Fina l ly ,  
t h e   r e a l - g a s   c o r r e c t i o n   t o   t h e   s t a t i c -  
t o - t o t a l   d e n s i t y   r a t i o  i s  w r i t t e n  

1 

w (1 

Figure 3. - Variat ion  of   the  funct ion w(T) 
with  temperature  for  several. gases. 

The r ea l -gas   co r rec t ion   t o   t he   dynamic - to - to t a l   p re s su re   r a t io  is 
obtained as follows 

Y ,  

An equat ion f o r  t he   r ea l -gas   co r rec t ion   t o   t he   f l ow  a rea   r a t io  A/& i s  
developed  from  the mass cont inui ty   equat ion .   In tegra t ing   the  f i r s t  of 
equat ions (9)  gives  

P 1 V1A = P*V*-k 

The r e a l - g a s   c o r r e c t i o n   t o   t h e  
s t a t i c - t o - t o t a l   p r e s s u r e   r a t i o  i s  
ob ta ined   i n  terms of the  temperature 
and  densi ty   correct ions  by  using  the 
equat ion of state. The result i s  

where the  * denotes  conditions  evaluated at the   son ic   t h roa t .  Then, 

16 



bu t  

so t h a t  

Real-gas  corrections t o  other   f low  quant i t ies   can be  formed using 
combinations of  those  presented.  

Plane Shock  Flows 

The equa t ions   de r ived   i n   t h i s   s ec t ion   r e l a t e   f l ow  quan t i t i e s  on e i t h e r  
s ide  of  plane  shock  waves. A s  in   the   p receding   sec t ion ,   the   equat ions  are 
c a s t   i n  terms  of  the thermodynamic funct ions  of   the   equivalent   s ingle   gas  
having  the  exact  properties of any  specified  mixture  of  gases.  

The equations  governing  the  four unknowns p,, p,, V,, and T, behind 
normal  shock waves can  be  written as follows: 

Mass 

Momentum 

Energy 

S t a t e  

The en tha lpy   func t ion  i s  g iven   expl ic i t ly   by   equat ions  (8) .  

I 



A number of   approaches  to   the  der ivat ion  of   the  shock  re la t ions  are   val id  
a l though  in  some the  a lgebra becomes  cumbersome. It w i l l  be shown tha t   the  
densi ty   and  pressure  re la t ions  contain  terms  involving  the  s ta t ic   temperature  
behind  the  shock so a logical   approach would  be t o  f i r s t  der ive   the   re la t ion  
f o r   s t a t i c   t e m p e r a t u r e   r a t i o   a c r o s s  a shock .   In   the   in te res t  of s impl ic i ty ,  
however, the  density  and  pressure  equations  are  derived f i rs t  and then  are  
combined to   obtain  the  temperature   equat ion.  

Manipulation  of  equations  (20)  results  in  the  following  quadratic 
equa t ion   fo r   t he   dens i ty   r a t io  pl/p2 

This equation  has  the  solution 

and  note  that 

then 
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The equat ion f o r  t h e   s t a t i c   p r e s s u r e   r a t i o  p2/p, i s  obtained by f i r s t  
n o t i n g   t h a t   t h e  momentum equation  can  be  writ ten 

p2 - = 1 + y,M12 (1 - 2) 
p1 

Subs t i tu t ion   of   equa t ion  (21)  f o r  pl/p2 i n to   equa t ion  (24)  gives 

Now 

so  t h a t  

The r e a l - g a s   c o r r e c t i o n   t o   t h e   s t a t i c   t e m p e r a t u r e   r a t i o  i s  obtained by 
using  the  thermal   equat ion  of   s ta te   and  the  preceding  equat ions  for   densi ty  
and  pressure.  The result i s  

An i terat ive  procedure i s  requi red   to   so lve   equat ion  (26) fo r   t he   co r rec t ion  
t o   t h e   s t a t i c   t e m p e r a t u r e   r a t i o   s i n c e   t h e   f u n c t i o n  '1 contains   the unknown 
T2. A simple,  rapidly  converging, method r equ i r e s   wr i t i ng  T2 i n  terms of 
t h e   c o r r e c t i o n   f a c t o r  as follows: 

Then, se t  T e q u a l   t o   u n i t y   t o   o b t a i n  a f i r s t  estimate of T2. This 

value of T2 can  be  .used t o   o b t a i n  a f i r s t  estimate of 7 which, i n   t u r n ,  
a l lows   the   ca lcu la t ion  of T T ~ / T , .  The new value  of T T ~ / T ,  i s  then   used   to  

T 2 / T l  



provide a second  estimate  of T2.  The i t e r a t i o n  i s  complete when t h e   d i f f e r -  
ence  between  successive  values  of TT2/Tl i s  within  acceptable  limits. It i s  

shown i n   t h e   s e c t i o n  on  approximations to   t he   equa t ions   t ha t   t he   i t e r a t ion   can  
be  avoided  completely i f  resu l t s   accura te   to   wi th in   severa l   percent   a re  
acceptable .  

The real-gas   correct ion  to   the  ra t io   of   f low  speeds  across  a  normal  shock 
i s  developed from the  mass, momentum, and s ta te   equa t ions .  

The idea l -gas   equat ion   for  ( V Z / V ~ ) ~  i s  

AL1 of  the  remaining  normal  shock  quantities  can  be  developed  from  the 
results  given  above. The rea l -gas   cor rec t ion  t o  the  sound  speed i s  obtained 
as follows: 

(2)i = 

so 
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The  Mach number r a t i o  i s  given  by  inspect ion 

The r a t i o s  of total.  conditions  across  normal  shocks are given  by  the 
i d e n t i t i e s :  

The l a t t e r  of   equa t ions   (32)   i s   ob ta ined   by  making use  of the f a c t   t h a t   t o t a l  
temperature i s  conserved  across  the  shock wave. 

The equations  developed  for normal  shock waves a re   a l so   app l i cab le   t o  
the  study  of  oblique  shock  flows.  Values of  t h e   r a t i o s  T P,/  P,, P2/P,’ T 

TT2/T, and Ta2/a1 
for  .oblique  shock waves are given by equat ions  (23) ,  (25), 

(26), and (3O), respect ively,   provided M1 s i n  i s  used  instead  of M1 and 
the static  temperature  upstream  of  the  oblique  shock wave i s  the same as 
upstream  of  the  normal  shock  wave. The flow  turning  angle 6 i s  r e l a t e d   t o  
the  shock wave angle p by the  following  equation  obtained  from  considera- 
t i o n  of mass conservation 

The Mach number i m e d i a t e l y  downstream of an  oblique  shock wave can  be 
determined from 
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I n   t h e  l a t t e r  two equations  the  density,   temperature,   and  sound-speed  ratios 
are   those  corresponding  to   the  upstream Mach number MI and  the  shock wave 
angle p. When M2 i s  determined  from  equation (34) ,  the  remaining  normal 
shock  expressions,  equations ( 3 2 ) ,  can  be  applied  to  oblique  shock  flows. 

Approximate Results 

S impl i f i ca t ions   t o  a number of  the  equations of  the  preceding  sect ions 
are  suggested by a cursory   ana lys i s .  It w i l l  be shown fo r   i s en t rop ic   f l ows  
tha t   subs t an t i a l   s imp l i f i ca t ions   can  be made, without   great  loss  in   accuracy ,  
when the   s ta t ic   t empera ture  i s  r e l a t i v e l y  low  (room  temperature  or  less).  
F o r t u n a t e l y ,   t h i s   c o n d i t i o n   e x i s t s   i n  a number of pract ical   problems.   For  
example, i n  most supersonic  wind-tunnel  applications  the  stagnation  tempera- 
t u r e  i s  so l i m i t e d   t h a t   t h e  tes t  sec t ion   s t a t i c   t empera tu re  i s  nea r ly  always 
of  the  order of room temperature   or  less. Also, i n   t h e   f l i g h t   a p p l i c a t i o n ,  
the  static  temperature  of  the  ambient  atmosphere a t  a l t i t u d e s   s u f f i c i e n t l y  
h i g h   f o r   p r a c t i c a l   s u p e r s o n i c   f l i g h t  i s  generally  low. It w i l l  a l s o  be shown 
tha t   the   equat ions   for   p lane  shock-wave flows  can be simplified  by  imposing 
the   addi t iona l   condi t ion   tha t  V12/RT1 >> 1 which implies  the  thermal  energy 
of the   gas   to  be much less than  the  kinet ic   energy  of   the  f low.   In   addi t ion 
to   t he   s imp l i f i ca t ions ,  some ru l e s   t o   i nd ica t e   t he   r anges  of a p p l i c a b i l i t y  of 
the  approximate  equations  also w i l l  be der ived.  

I sen t ropic   f lows .  - Consider f i r s t  equat ion   (12)   for   the   rea l -gas   cor rec-  
t i o n   t o   t h e   s t a t i c - t o - t o t a l   t e m p e r a t u r e   r a t i o .  When the   s ta t ic   t empera ture  
i s  low then v(T1) + 0. For  these  conditions  equation (12)  takes  the  form 

A s i g n i f i c a n t   r e s u l t  deduced  from t h i s  
s t a t i c   t empera tu re  i s  low it  ceases   t o  

equat ion i s  t h e   f a c t   t h a t  when the 
be a va r i ab le   i n   t he  problem.  This i s  

made evident  by reca l l ing   tha t   the   va lue   o f  y ,  approaches  the  value  of yi  
as the   s ta t ic   t empera ture  i s  lowered. Under these  circumstances yi/y, + 1 
and  the  correct ion  to   the  temperature   ra t io  i s  a cons t an t   fo r  a c o n s t a n t   t o t a l  
temperature f low such as found i n  a wind tunnel .  The value  approached  by 
T asymptot ical ly  as T1 + 0 while Tt i s   h e l d   c o n s t a n t  i s  given by 

T J T t  
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S u b s t i t u t i o n  of equat ion (36) in to   equa t ion  (35) gives  

An est imate   of   the   error   introduced by using  equat ion (37) f o r  
W T t  

i n   p l a c e  of the  more complicated,   but  exact,   equation (12)  can now be made. 
Define 

7- 
- 

- T  
T, /Tt   TJTt  

as be ing   t he   f r ac t iona l   e r ro r .   Subs t i t u t ing  from  equation (37) gives 

Solv ing   for  y, i n  terms of t h e   f r a c t i o n a l   e r r o r   l e a d s   t o  

Equation (38) g ives   the   va lue  o f  y ,  corresponding t o  a g iven   f r ac t iona l  

e r r o r   i n  

s t a t i c   t empera tu re  which  can  be  determined  from  the  equation  relating y, t o  

temperature  (eqs.  ( 8 ) ) .  Once s t a t i c   t empera tu re  i s  determined  then  equations 
(1.3) and (14) give  the  f low Mach number and  flow  speed,  respectively,  above 
which  equation (37) can  be  used  for   calculat ing T T , / T ~  wi thout   incur r ing  

an   e r ro r   l a rge r   t han  fTT. Results of  sample c a l c u l a t i o n s   i l l u s t r a t i n g   t h e  

real-gas   temperature   ra t io   correct ion  for   pure   carbon  dioxide are presented 

%/Tt  * 
This  value  of y1 corresponds  to  a spec i f i c   va lue  of 



i n   f i g u r e  4. The curves  depict ing exact results were obtained from equat ions 
(12)  and (13). The approximate results given by equat ions (37) and (1.3) are 
shown t o  agree   c lose ly   wi th   the   exac t   curves   for  Mach numbers  where t h e   s t a t i c  

2.2 - 

2.0 - 

1.8 - 2500’ K - 

” 

TI = 1000’ K 

Y/ / --- Approx. equation (361 
.rr. -. - 

”“ Approx. equations (38), (81 and (13) 

I I I I I I I I 
2 

I 
4 6 8 10 12 14 16 18 

Mach number, M 

Figure 4 . -  Comparisons of exact  and  approximate results for the  re& gas   cor rec t ion   to  the 
s t a t i c - to - to t a l   t empera tu re   r a t io   i n   an   i s en t rop ic  f low of carbon  dioxide. 

temperature i s  low. The asymptot ic   resul t   g iven  s imply by equat ion (36) i s  
shown t o  be   e s sen t i a l ly   exac t .  The p red ic t ed  and  the  exact   l ines   of   constant  
percent  deviation  from  the  asymptotic  values of T a r e   a l s o  shown.  Note 

tha t   t he   t heo ry  i s  conse rva t ive   i n   p red ic t ing   t he  Mach number f o r  which 
approximate r e s u l t s   d e v i a t e  a specified  percentage  from  the  exact results. 
The same general   procedure  used  to   es t imate   the  range  of   appl icabi l i ty   of   the  
s i m p l i f i e d   e q u a t i o n   f o r   t h e   r e a l - g a s   c o r r e c t i o n   t o   t h e   s t a t i c - t o - t o t a l  tem- 
p e r a t u r e   r a t i o  can  be  used  to  provide similar estimates fo r   t he   co r rec t ions  
t o   t h e   o t h e r   i s e n t r o p i c  flow parameters.  

T l P t  

In   t he   ca se  of t h e   r e a l - g a s   c o r r e c t i o n   t o   t h e   s t a t i c - t o - t o t a l   d e n s i t y  

r a t i o ,  i t  i s  observed  that   the   funct ion e w(T1) i n   e q u a t i o n  (16) approaches 
u n i t y  as the   s ta t ic   t empera ture  T 1  becomes low so t h a t  i t  i s  convenient  to 
def ine 

1 
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Equation (39) gives  the  value  approached  by I- asymptot ical ly  as T, 

becomes progressively  lower while the   to ta l   t empera ture  i s  he ld   cons tan t .  
Using  equation (39) ,  equat ion (16) can  be r ewr i t t en  as follows 

P J P t  

An estimate of  the  flow Mach number f o r  which a g i v e n   f r a c t i o n a l   e r r o r  i s  
incurred  by  using  the  s impler   equat ion,   equat ion (39) ,  i n   p l a c e  of the   exac t  
r e s u l t  of  equation (40) can now be made. The approximation  for 

given by equat ion (37) i s  subs t i t u t ed   i n to   equa t ion   (40 )  and  the  term e w ( T d  
i s  dropped so that 

Now, write 

Expanding   the   r igh t   s ide   in  a Taylor   se r ies  and  dropping  higher  order  terms 
gives 

I 

Define the f r a c t i o n a l   e r r o r  as 

and   subs t i tu te   equa t ions  (41) and  (42)   into this d e f i n i t i o n   t o   g e t  



Solv ing   for  y1 gives 

Equation (43)  gives   the  value  of   specif ic   heat   ra t io   corresponding  to  a given 
f r a c t i o n a l   e r r o r   i n  r resu l t ing   f rom  us ing   the   s impl i f ied  result  of 

equat ion (39) .  By methods discussed  previously,   the   value  of  y 1 given by 

equat ion (43)  can   be   r e l a t ed   t o   s t a t i c   t empera tu re  and, i n   t u r n ,   t o   e i t h e r  
Mach number or  flow  speed. 

P J P t  

An approach  s imilar   to   that   used above g ives   the   fo l lowing   ra t io   o f  real- 
gas   co r rec t ion   t o   t he   s t a t i c - to - to t a l   p re s su re   t ha t  i s  approached as the  
s t a t i c   t empera tu re  T, i s  diminished  and  the  total   temperature  held  constant 

Y i  

so t h a t  Y ;  

The f r ac t iona l   e r ro r   de f ined   by  

can  be wr i t t en  

f = - 1) yi 
Y i  

TP - 1  

so  that   the   value  of   the  specif ic   heat   ra t io   corresponding  to  a g iven   f rac-  
t i o n a l   e r r o r   i n  rpl/Pt re su l t i ng   f rom  us ing   t he   s imp l i f i ed   r e su l t  of 

equat ion (44)  i s  given by 
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Plane  shock  flows.- Two l e v e l s  of s implif icat ion  to   the  plane  shock 
r e l a t i o n s  are considered. The f irst  of these   e l imina tes   the   need   for   the  
i t e r a t ive   so lu t ion   ac ross   t he   shock  wave. The second  involves  obtaining  the 
equat ions   for  the asymptotic  values  of  the  real-gas  corrections  approached as 
the   s ta t ic   t empera ture  i s  reduced while the   to ta l   t empera ture  i s  held  constant .  

The equations  for  the  plane  shock  f lows are wr i t t en   i n   t e rms  of  the  func- 
t i o n  7 def ined by equat ion (22) .  Evalua t ion   of   th i s   func t ion   requi res  a 
knowledge  of t he   s t a t i c   t empera tu re  downstream  of  the  shock wave. This tem- 
pera ture  i s  not  known a p r i o r i  so tha t   an   i t e r a t ive   so lu t ion   o f   equa t ion  (26) 
f o r  -rT2/T1 i s  r e q u i r e d   i n   o r d e r   t o   e s t a b l i s h  a va lue   for  T2  and  subse- 

quent ly  q .  This d i f f i c u l t y  can  be  circumvented,  with  only small loss  i n  
accuracy,  by  recognizing  that  T, i s  never more than a few pe rcen t   d i f f e ren t  
f rom  the  total   temperature   and  that   the  q func t ion  i s  no t   ve ry   s ens i t i ve   t o  
e r r o r s   i n  T2 of th i s  order .  Because  of t h i s ,  T2 can be replaced  by T t  
i n   t h e   e q u a t i o n   f o r  7 .  A comparison  of  exact  results  for  the  real-gas  cor- 
r e c t i o n   t o   t h e   s t a t i c   t e m p e r a t u r e   r a t i o   a c r o s s  a normal  shock wave i n  pure 
COz to   those   ob ta ined   us ing   the   s impl i f ied  '1 f u n c t i o n   i s  made i n   f i g u r e  5 .  
The differences  between  the  exact  and  the  approximate  results  are shown t o  be 
small. 

Tt = 500" K - - - - -Approximate  (set  T2= Tt in eq.  (221) 

T, = IOOO°K 

TI =2500"K  

.5 L I I I I I I 
I 3 7 9 I I  13 15  17 5 
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Figure 5 . -  Comparisons of  exact  and  approximate  results  for  the  real  gas cor rec t ion   t o   t he  
s t a t i c  temperature  ratio  across  a normal  shock i n  carbon  dioxide. 

The r e s u l t s   o f   f i g u r e  5 a l s o  show that the   r ea l -gas   co r rec t ion   t o   t he  
s ta t ic   temperature   ra t io   approaches  an  asymptote  as Mach number i s  increased.  
This  behavior i s  typ ica l   o f  all of the rea l -gas   cor rec t ions   to   the   shock  



paraneters  as it i s  fo r   t he   co r rec t ions   t o   t he   i s en t rop ic   f l ow  quan t i t i e s .  
Equations  for  asymptotic  values  of all the  functions  can  be  readily  obtained 
a f t e r   f i n d i n g   t h e  form of  the 17 func t ion  f o r  TI 3 0 and T2 = T t .  Under 
these  circumstances, y, "* yi so t h a t  

S u b s t i t u t i n g   t h i s   r e l a t i o n   f o r  Tj in to   equat ions  (23) ,  (25), (26), and (29) 
and  by  dropping  terms of order  l/y,M12 = RT1/V12 gives  the  following 
equations  for  the  asymptotic  values  of  density,   pressure,   temperature,   and 
speed   r a t io s ,   r e spec t ive ly .  

r 1 

L 

The asymptotic  value  of  the  real-gas  correction t o  the  sound  speed r a t i o  i s  
obtained  from  equation ( 3 0 ) .  The r e s u l t  i s  

28 



Equations f o r  the  asymptotic  values of the  correct ions  to   the  remaining 
parameters are given  by  combinations  of  equations (47) through ( 5 1 ) .  

DISCUSSION 

Using  the  equations  developed i n   t h i s   s t u d y  it i s  a simple matter t o  
determine  the  effects   of   changing  gas   composi t ion  on  quant i t ies   of   interest  
i n   i s e n t r o p i c  and  plane  shock  flows. Some sample  comparisons  of  the  behav- 
io r   o f  a number of  gases w i l l  be made and  discussed. 

Consider f i r s t  t h e   s i t u a t i o n  of a body f l y i n g   i n   a n  atmosphere. The 
v a r i a t i o n  of t o t a l   t empera tu re   w i th   f l i gh t  Mach number and f l i gh t   speed   fo r  a 
number of pure  gases i s  shown i n   f i g u r e  6. These r e s u l t s  were obtained  by 
means of  equations (12), (l3), and (14) and are   for   an   a rb i t ra r i ly   chosen  
ambient  temperature of 2OO0 IC. It i s  shown i n   f i g u r e  6(a)  that changes i n  
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(a)  Variat ion  of   total   temperature   with Kach number. 

Figure 6 . -  E f fec t  of gas  composition on the  var ia t ion  of   total   temperature   with I4ach number 
and  speed; T, = 200° K. 



gas  composi t ion  have  large  effects   on  total   temperature  when results are 
compared a t  the same  Mach number. However, as shown i n  figure 6(b) , the  com- 
parisons  of results for   the   var ious   gases  are cons iderably   d i f fe ren t  when  made 
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Figure 6. - Concluded. 
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8 

a t  the  same speed.  For  example,  the  difference  between  the  total  temperature 
i n  carbon  dioxide  and  that   in   ni t rogen a t  comparable Mach numbers  grows with 
increas ing  Mach number t o  exceed 800° K while  the  difference  never  exceeds 
about 150° K when evaluated a t  comparable  speeds. I n   c o n t r a s t   t o   t h i s   r e s u l t  
the  differences  between  the  curves  for  helium  and a i r  a r e   l a r g e r  when compared 
a t  the same speed  than when compared a t  the same Mach number. I n   a d d i t i o n   t o  
magnitudes,   the  algebraic  sign of the   d i f fe rence  i s  not  always  the same f o r  
t he   r e su l t s   p re sen ted  as a func t ion  of Mach number as f o r   t h e   r e s u l t s   p r e -  
sen ted  as a func t ion  of speed.. Cons idera t ions   o f   th i s   sor t   ind ica te   tha t  when 
cornparing  aerodynamic quant i t ies   for   var ious  gas   composi t ions it w i l l  be nec- 
e s s a r y   t o   e x e r c i s e   c a r e   i n  drawing  conclusions  since  the  conclusions  can be 
strongly  dependent  upon  the  basis of the  comparisons. 

A s  a second i l l u s t r a t i o n  of  the  aerodynarnic  behavior  of  various  gases 
pred ic tab le  by the   equat ions   der ived   in   th i s   ana lys i s ,   cons ider   an   appl ica t ion  
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Figure 8 . -  E f f e c t  of  gas  composition on speed 
ob ta inab le   i n  a wind tunnel .  

to  wind-tunnel  f lows.  In many wind tunne l s   t he   t o t a l  or reservoir   temperature  
i s  held constant   during a t e s t   a s  opposed t o   t h e   f l i g h t   c a s e  where the  ambient 
temperature i s  f ixed .  For a total   temperature   of  2500' K, t.he r a t i o  of flow 
Mach number obtainable   in   each  of  a number of gases   to  Mach number obtainable  
i n  a i r  i s  p re sen ted   i n   f i gu re  7 as a func t ion  of  a i r  Mach number. Resul ts  
p re sen ted   i n   t h i s   fo rm  r ead i ly  show estimates  of  the  performance  capabili t ies 
of   p resent ly   opera t ing  a i r  f a c i l i t i e s  when operated  with  planetary  gas mix- 
t u r e s .  It i s  apparent   f rom  the  resul ts   of   f igure 7 t h a t  the flow Mach number 
o b t a i n a b l e   i n  a given  nozzle i s  strongly  dependent  on  gas  composition. A noz- 
z le   designed  to   produce a given Mach number i n  a i r  w i l l  produce  higher Mach 
number flows  of  gases  having a s m a l l e r   r a t i o  of i n t e r n a l   e n e r g y   t o   t o t a l  
energy  than a i r  and  lower Mach number flows  of  gases  having a l a r g e r   r a t i o  of 
i n t e rna l   ene rgy   t o   t o t a l   ene rgy   t han  air  f o r  a given  reservoir   temperature .  

The r a t i o  of  wind-tunnel  flow  speeds  obtainable  with  each of a number of 
gases   t o   t ha t   ob ta inab le   w i th  a i r  i s  shown i n   f i g u r e  8 as a funct ion  of  air 
Mach number f o r  a total   temperature   of  2500° K .  The r e l a t ionsh ips  between  the 
va r ious   gases   i n  terms of  f low  speed  obtainable  in a wind tunnel  designed for 
a given Mach number i n  a i r  are qui te   d i f fe ren t   f rom  those  shown i n   f i g u r e  7 i n  
terms of Mach number. A l l  the differences  between  the  comparisons  i l lustrated 
i n   f i g u r e  7 and  those shown i n   f i g u r e  8 are due t o   d i f f e r e n c e s   i n  sound speed 
in   t he   va r ious   gases .  



A s  a f i n a l  comparison of the  aerodynamic  behavior  of a number of  possible 
cons t i t uen t s  of  planetary  atmospheres,   consider  the  stagnation  pressure  coef- 
f i c i e n t .   T h i s   q u a n t i t y  i s  o f   p a r t i c u l a r   i n t e r e s t   s i n c e  a number of   theories  
for   p red ic t ing   pressures   and   forces  on en t ry   bod ie s   r e l a t e   t he   p red ic t ions   t o  
the   s tagnat ion   po in t   p ressure .  The s t agna t ion   po in t   p re s su re   coe f f i c i en t s   fo r  
a number o f   gases   no rma l i zed   t o   t ha t   fo r   r ea l  a i r  a re   p resented  as a func t ion  
of   f lLght   speed   in   f igure  9. It i s  in t e re s t ing   t o   no te   t ha t   wh i l e  many of  the 

quan t i t i e s   cha rac t e r i z ing  aerodynamic  f lows  are  very  sensit ive  to  gas composi- 
t ion ,   the   s tagnat ion   pressure   coef f ic ien ts   for  a number of   gases   d i f fe r  by 
only a few percent  from one gas   to   another .  

CONCLUDING REWARKS 

Equat ions   for   aerodynamic   quant i t ies   o f   in te res t   in   i sen t ropic   one-  
dimensional  flows  and  for  properties  across  plane  shock waves i n   a r b i t r a r y  
mixtures of undissociated  planetary  gases  have  been  derived. It was shown 
that   the   equat ions  could be c a s t   i n  forms  not  prohibit ively  complicated by 
making the  fol lowing  pr incipal   assumptions  for   the  gas  model: ( a )  a l l  gas 
components  of a mixture are thermal ly   per fec t  so as t o  be  governed  by  the 
per fec t   gas  Law p = pRT; ( b )  molecular  vibrations  behave  l ike  harmonic 



o s c i l l a t o r s   w i t h  no coupling  between  rotational  and  vibrational  degrees of 
freedom; and (c )   e lec t ronic   energy  i s  negl ig ib le  compared to   t he   t o t a l   ene rgy .  
Simplif ied  equat ions  giving  approximate  resul ts   over  more l imited  ranges  of 
the   var iab les  were a l s o  obtained  a long  with  es t imates   of   the   error   introduced 
by the  approximations. 

Various  uses  for  the  equations were demonstrated  by making  sample  compar- 
isons  of  the  aerodynamic  behavior  of a number of   gases .   In  one  comparison, 
estimates  of  the  f low Mach number and  speed  capabili t ies  of a wind tunnel 
operated  with a number of  pure  gases i n  terms  of i t s  performance i n   a i r  were 
presented. It was shown f o r   t h e  same reservoir   temperature   that  a nozzle 
designed  to  produce a given Mach number i n  air  w i l l  produce  higher Mach number 
flows  of  gases  having a sma l l e r   r a t io   o f   i n t e rna l   ene rgy   t o   t o t a l   ene rgy ,   a t  a 
given  temperature,   than  air  and lower Mach number flows  of  gases  having a 
l a r g e r   r a t i o  of   in te rna l   energy   to   to ta l   energy ,  a t  a given  temperature,  than 
air .  It i s  also shown that   while  some of the   quant i t ies   charac te r iz ing   aero-  
dynamic f lows are  very  sensit ive  to  gas  composition,  the  stagnation  pressure 
c o e f f i c i e n t s   f o r  a number of  gases  differ by  only a  few percent  from one gas 
to   another .  

Ames Research  Center 
National  Aeronautics  and  Space  Administration 

Moffe t t   F ie ld ,   Cal i f . ,  Nov. 13, 1964 

2. Peterson,  Will iam  Patrick:  Tables of Flow Properties  of  Thermally  Perfect 
Carbon  Dioxide  and  Nitrogen  Mixtures. NASA SP-3009, 1964. 

3. Eggers, A. J., Jr.: One-Dimensional  Flows of an  Imperfect  Diatomic Gas. 
NACA Rep. 959, 1950.  (Supersedes NACA TN 1861) 

4. Herzberg. G : Molecular  Spectra and Molecular  Structure.  Vol .  I .  Spec- 
t ra  o f  Diatomic  Molecules. Second ed . ,  D.  Van Nostrand Co., 1950. 

5.  Herzberg, G . :  Molecular  Spectra and Molecular  Structure.  v o l .  11. 
Inf rared  and Raman Spectra of Polyatomic  Molecules. Second ea. ,  
D. Van Nostrand Co., 1945. 

6. Ames Research  Staff:   Equations,   Tables,   and  Charts f o r  Compressible  Flow. 
NACA Rep. 1135, 1953. 

33 



I l I l l l l l l l  IIIIIII IIIlll11ll111~11l11111111l1 

TABLF: I.- CONSTANTS FOR SELECTED GASES 

(a) Linear  molecule  gases 
"" ~~. ~ 

Vibrat ional   energy 
constants ,  en, OK Molecular Gas 

weight 
(1) 

I ~~ . " ~. 
~~ 

- . .  

co 
44 co2 

3121.85 28 

2738.44 30 NO 
6322.5 2 H 2  

959.9(2) Y 1928,  3379.5 

TJ2 28 3394 * 3 
N20 44 845.8( 2), 1853.1,  3218 
02 2273- 35 32 
a i r  3055 * 5 29 

. " ~ i - =  . 

( b )  Nonlinear  molecule  gases 
.- 

Molecular 
Gas 

weight 

CH4 
18 H2O 

16 

m3 1-7 

'Number in   parentheses   denotes   the number of degrees of 
freedom t o  which  the  constant i t  fol lows  appl ies .  
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